The commutant of composition operator induced by a parabolic linear fractional transformation of the unit disk onto itself in the class of linear continuous operators acting on the space of analytic functions is described.
Introduction
The composition operators play a very important role in the contemporary mathematics. The regular study of the composition operators as linear operators on Banach spaces is of relatively recent origin. However, these operators have received a great deal of attention recently and many of their properties are well known. Characteristics of operators that satisfy certain commutation relations are studied in numerous mathematical works. In [1] , P. Rosenhtal remarked that the commutants of composition operators in Banach spaces seem to be very difficult to characterize. In general, describing which operators commute with a given composition operator reveals information about the structure of this operator. Bruce c 2012 Diogenes Co., Sofia pp. 25-33 , DOI: 10.2478/s13540-012-0003- 6 Cload had some results that discuss the commutants of composition operators in H 2 . The details concerning this subject can be found in [2] - [3] . As C. Cowen and B. MacCluer noted in [4] , the problem of finding the commutant of composition operators for Banach spaces is important and topical.
Let G be an arbitrary domain in the complex plane. By H(G) we denote the space of all functions analytic in G equipped with the topology of the compact convergence [8] , and by the symbol L(H(G)) -the set of all linear continuous operators acting in H(G). Let ϕ be a fixed function analytic in the domain G with ϕ(G) ⊂ G. Then the composition operator C ϕ acts on
The set of all continuous linear operators commuting with A is called the commutant of A.
More details on the notions of multipliers and commutants of linear continuous operators in linear spaces, and results related to various operators and spaces, can be seen e.g. in Dimovski et al. [5] , [6] , [7] , published in this journal.
Notations and preliminaries
Let G be an arbitrary simply connected domain in the complex plane, but not equal to C. The problem of describing of the commutant of the composition operators on H(G) appears very naturally. This problem is important and interesting for the composition operators C ϕ on H(G), where C ϕ is induced by the conformal automorphism of the domain G. Since the Riemann mapping theorem implies that for each of such domains there exists a conformal map of respective domain onto the unit disk D = {z ∈ C : |z| < 1}, it is enough to solve this problem for composition operators acting on the space H(D). The conformal map of the unit disk that maps D onto itself is of the form
where
The description of the commutant C ϕ depends essentially on the class of functions ϕ(z). It is best described using a classification of the automorphisms of D into three classes: elliptic, hyperbolic, and parabolic, see Ford [9] . The commutant of an composition operator induced by elliptic and hyperbolic linear fractional automorphisms of the unit disk was investigated in Linchuk [10] , [11] .
In the present paper we consider this problem for composition operators induced by parabolic automorphisms of the unit disk D. The principal goal of this paper is to solve the operator equation
, where C ϕ is a composition operator induced by a parabolic linear fractional automorphism of the unit disk.
The main results
Recall that a linear fractional transformation defined by (2.1) is said to be parabolic, if it has exactly one fixed point on ∂D. For ϕ(z) defined by (2.1) to be a parabolic linear fractional transformation it is necessary and sufficient to have [12] . Without loss of generality, it can be assumed that α ∈ (0, π) ∪ (π, 2π). Then |z 0 | = sin α 2 . Each such transformation has exactly one finite fixed point z 1 and
The following lemmas are needed in the sequel.
is the fixed point of transformation ϕ(z).
P r o o f. The linear fractional transformation w = ψ(z) maps the unit disk D conformally to the upper half plane P = {w ∈ C : Im w > 0}. Indeed, this transformation maps the circle {z ∈ C : |z| = 1} to the straight line {w ∈ C : Im w = 0} as ψ(e it ) = ψ(e it ) under condition t ∈ R. Let h be a real number. Let E h denote the shift operator defined by (H(P ) ). In order to describe the commutant C ϕ on H(D), we need the description of the commutant E h on H(P ) and Lemmas 3.1, 3.2. In what follows, we use the fact that there is one-to-one correspondence between the linear continuous operators
The characteristic function t(λ, z) is a locally analytic function on P × P , see [8] .
Let a and b be positive numbers. By M a,b we denote the rectangle M a,b = {z ∈ C : −a ≤ Rez ≤ a; 0 ≤ Imz ≤ b}. By S denote a set of functions t 1 (μ, z) such that for each t 1 (μ, z) there exist positive numbers a and b, that t 1 (μ, z) is an analytic function on the set M a,b × P and t 1 (∞, z) = 0, where z ∈ P . By P n = {z ∈ C : −n − 1 < Rez < n + 1; 1 n+1 < Imz < n + 1} denote a set for each n ∈ N. The sequence of sets {P n } ∞ n=1 approximates the domain P and thus P = ∞ n=1 P n and P n ⊂ P n+1 , n = 1, 2, . . ..
Theorem 3.1. Let h be a fixed real number. A necessary and sufficient condition that T ∈ L(H(P )) and T commutes with E h is that the characteristic function t(λ, z) is of the following form:
3) where t 1 (μ, z) ∈ S and t 1 (μ, z) is a periodic function with respect to z with period h. Furthermore, the respective operator T acts on H(P ) by the rule
where z ∈ P n , γ n = ∂P N (n)+1 ; N (n) is chosen by the definition of locally analytic function t 1 (λ − z, z) on the set P × P .
P r o o f. Necessity. Consider the operator T ∈ L(H(P )). Let t(λ, z)
be a characteristic function of operator T . Suppose the operator T commutes with E h , i.e. the operators T and E h satisfy the commutation relation
Applying both sides of (3.4) to the function
(3.5)
But t(λ, z) is a locally analytic function on the set P × P . Consequently, the equality (3.5) holds in the following sense: for every positive integer n there exists N (n) ∈ N such that (3.5) holds for λ ∈ P N (n) and z ∈ P n [8] .
Without loss of generality, it can be assumed that N (n) > n + 1 and the function N (n) is monotonically increasing. Hence, (3.5) holds on the set
P N (n) × P n . Now let us make the substitution μ = λ − z, where
Therefore using (3.5) we get
The equality (3.6) holds for μ ∈ M and z ∈ P , where
, where a = b = N (1)−2. Thus the function t 1 (μ, z) is analytic on the set M a,b ×P and this implies that t 1 (μ, z) ∈ S. The necessity is proved.
Sufficiency. Suppose the function t(λ, z) satisfies (3.3), where t 1 (μ, z) ∈ S and t 1 (μ, z) is a periodic function with respect to z with period h. Let us show that t(λ, z) is the locally analytic function on the set P × P . Since t 1 (μ, z) ∈ S, then there exist positive numbers a and b such that t 1 (μ, z) is analytic function on the set M a,b × P . Fix an n ∈ N. Find N (n) ∈ N such that N (n) > a + n + 1 + |h| and N (n) > b + n + 1 + |h|. Then t(λ, z) is the analytic function on the set P N (n) × P n . By the definition, the locally analytic function we obtain that t(λ, z) is a locally analytic function on the set P × P . Therefore there exists the operator T ∈ L(H(P )) such that t(λ, z) is characteristic function for T [8] . Furthermore, we obtain
for each f ∈ H(P ), z ∈ P n , for every n ∈ N; here γ n is the boundary of the rectangle P N (n)+1 . It therefore remains only to verify that the operator T commutes with E h . Using (3.7) we get
for each f ∈ H(P ), z ∈ P n . On the other hand,
whereγ n = γ n + h. Thus T commutes with E h . The sufficiency is proved. 2
Remark 3.1. The statement of Theorem 3.1 is correct for the operator E h , where h ∈ C : Im h ≥ 0.
Remark 3.2. Differential operators of infinite order were used to describe the commutant of the shift operator on the space of entire functions in Podporin [13] . Note that, the representation of all operators T ∈ L(H(C)) such that T commutes with linear combinations of shifts was obtained in Linchuk [14] with the aid of characteristic functions.
Let μ 0 be a complex number and let the following condition be satisfied: Im μ 0 ≥ 0. Then the function t 1 (μ, z) = n! (μ−μ 0 ) n+1 satisfies the conditions of Theorem 3.1 for each h ∈ R, n ∈ N. The respective operator T n commutes with E h . Furthermore, the operator T n acts on H(P ) by the rule
Thus, the following statement holds true. 
